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1. Introduction
Siegel modular Eisenstein [Sh]




2. Siegel Eisenstein Fourier
$m\in \mathrm{z}_{>0^{\text{ }}}k\in 2\mathrm{z}_{\geq 0}$
(2.1) $E_{k}^{(m)}(z, S):= \det(y)^{s}\sum_{\{c,d\}}\det(cZ+d)-k|\det(_{Cz}+d)|-2S$
$\mathrm{S}\mathrm{p}_{2m}(\mathrm{Z})\text{ }$ non-holomorphic Eisenstein $(_{c^{(m}}^{*}$) $d^{(m)}*)$
$\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\{$ ( $**)\in \mathrm{S}_{\mathrm{P}_{2m}}(\mathrm{Z})\}\backslash \mathrm{S}_{\mathrm{P}}2m(\mathrm{Z})$
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$s\in \mathrm{C},$ $z$ Siegel
$H_{m}:=\{z=x+yi\in \mathrm{C}(m)|^{t}Z=Z, y>0\}$
(2.1)
$\{(z, s)|z\in H_{m}; {\rm Re}(s)>\frac{m+1-k}{2}\}$ .







$\zeta(s)$ Riemann zeta function.
non-holomorphic Eisenstein Fourier [Mi]
$\Lambda_{\lambda}$ semi-integral \mbox{\boldmath $\lambda$} $\Lambda_{\lambda}^{*}$
$\mathrm{Z}_{\mathrm{P}}^{(m,\nu)}\mathrm{r}\dot{\mathrm{i}}\mathrm{m}$ $a\in \mathrm{z}^{(m,\nu}$) primitive
$\nu$ $c$ rank
$E_{k}^{(m)}(_{Z}, S):= \sum^{m}\nu=0b.m)((k,\nu,0y, s*,)$
$+ \sum_{1\nu=}^{m}\sum_{1\lambda=h\in}\sum\nu\Lambda*\lambda\sum b_{k}^{(}m,)(\nu,\lambda[^{t}r], y, S)\mathrm{e}(\sigma(h[^{t}rhr]X))$.
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I $\mathrm{z}_{\mathrm{P}^{\mathrm{r}}}^{(m,\lambda}$)$/:\mathrm{m}\mathrm{G}\mathrm{L}\lambda(\mathrm{Z})$ $\sigma(z)$ $z$
trace Fourier $b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $s)$ $\lambda=0$
$b_{k,\nu,0}^{(m)}(*, y, s)$ $:=(-1)^{\frac{k\nu}{2}2^{\nu}} \pi^{\nu}\frac{\Gamma_{\nu}(2_{S}+k-\kappa(\nu))}{\Gamma_{\nu}(s)\Gamma_{\nu}(S+k)}\kappa(\nu)$
$.S_{\nu}(0_{\nu}, 2_{S}+k)\det y^{s}\zeta_{\nu}(m)(2y, 2s+k-\kappa(\nu))$ ,
$1\leq\lambda\leq m$
$b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $s)$ $:=(-1) \frac{k\nu}{2}2^{\nu}\pi^{\nu\hslash}\frac{\Gamma_{\nu-\lambda}(2_{S}+k-\hslash(\nu))}{\Gamma_{\nu}(_{S})\mathrm{r}_{\nu}(_{S}+k),-}(\nu)+\frac{\lambda(\nu-\lambda)}{2}$
$.S_{\nu}(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(h, \mathrm{o}_{\nu}-\lambda),$ $2_{S}+k)\det y^{S}\det(2y[r])\kappa(\nu)-k-2_{S}$




(2.1) $\frac{\Gamma_{m}(s+\frac{k}{2})}{\Gamma_{m}(_{S)}}\cdot\xi(2s)\prod_{j=1}\xi(4_{S-}2j)b^{()}m(k,\nu,\lambda h[tr], y, s-\frac{k}{2})$
$(s, \nu)->(\kappa(m)-s, m+\lambda-\nu)$
$\nu\in \mathrm{z}_{\geq 0}$ $\kappa(\nu):=\frac{\nu+1}{2}$ $h\in\Lambda_{\lambda}$ ,
$s\in \mathrm{C}$
$S_{\nu}(h, s):=$ $\sum$ $n(r)^{-S}\mathrm{e}(\sigma(hr))$
modr 1




$P_{m}:=\{x\in V_{m}|x>0\}$ $g\in P_{m},$ $h\in V_{m},$ $(\alpha, \beta)\in \mathrm{C}^{2}$




confluent hypergeometric functions ${\rm Re}(\alpha)>\kappa(m)-1,$ ${\rm Re}(\beta)>$
$m$
$\eta_{\lambda}^{*}(g, h;\alpha, \beta):=\det(g)\alpha+\beta-\kappa(\lambda)\eta\lambda(g, h;\alpha, \beta)$
Shimura
$\omega(g,h;\alpha,\beta):=2-p\alpha-q\beta\Gamma_{p}(\beta-\frac{q}{2})^{-1}\Gamma_{q}(\alpha-\frac{p}{2})^{-}1-\alpha-4\delta_{+}(hg)^{\kappa}(\lambda)\mathrm{g}$
. $\delta_{-}(hg)\kappa(\lambda)-\beta-$ $\eta_{\lambda}^{*}(g, h;\alpha, \beta)$
$(\alpha, \beta)\in \mathrm{C}^{2}$ $\eta_{\lambda}(g, h;\alpha, \beta)$ $(\alpha, \beta)\in \mathrm{C}^{2}$




Epstein zeta functions ${\rm Re}(s)>m/2$
$\epsilon_{\nu}(s):=\prod_{=j0}(S-i)2$
Maass
$..—( \nu m)(g, s):=2\epsilon_{\nu}(_{S)\epsilon}.\nu(\frac{m=}{2}-s)\prod_{i=0}^{-1}\xi(2s-i)\zeta^{(m)}\nu\nu g(, S)$
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$\mathrm{s}\in$ C. $\zeta_{\nu}^{(m)}(g, s)$ Ih $S\in \mathrm{C}$




$u_{r}\in \mathrm{G}\mathrm{L}_{m}(\mathrm{Z})$ – $y[u_{r}]$ Jacobi




(A) $E_{k}^{(m)}(z, S)$ $s=0$ $s$ holomorphic ?
(A) $E_{k}^{(m)}(Z):=E_{k}^{()}m(z, 0)$
(B) $E_{k}^{(m)}(Z)$ holomorphic modular form ?
(C) $E_{k}^{(m)}(Z)$ Fourier ?
$s=0$ $E_{k}^{(m)}(z, S)$ Fourier
$b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $s)$ $s$
$h\in\Lambda_{\lambda}^{*}$ $d(h)$
$d(h):=(-1)^{[\frac{\lambda}{2}}]2^{-} \delta(\frac{\lambda-1}{2})\det(2h)$
$[x]$ $x$ $\delta(x)$ $x$ $1_{\text{ }}$
O
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Theorem 1. $b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $s)$ $s=0$ $s$
.
$m\geq 2$ $k= \frac{m+2}{2}$
. $(\nu, \lambda)=(m, m-2)$ , $k\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}4$ , $h>0$ , $d(h)=$ integral square
. $(\nu, \lambda)=(m-1, m-2)$ , $k$ :even, $h>0$ , $d(h)=$ integral square.
1 pole . ($m=2$ $h$
. )
Proof. Fourier $s=0$
[Ha] Section 2 ( $d(h)$ integral square singular
series $(_{*}^{\underline{d(h)}})$ Dirichlet $L-$ Riemann zeta
simple pole )
Theorem 2. $0\leq\lambda\leq\nu\leq\mu\leq m$ . $k:e\mathrm{v}en$ $2k=\mu+\nu-\lambda+1$
(2.3) $\lim_{sarrow 0}\frac{b_{k,\mu,\lambda(}^{(m)}h[tr],y,s)}{b_{k,\nu,\lambda(}^{(m)}h[tr],y,-S)}=(-1)^{\alpha}$ $\alpha=$
Proof. [Ha]Theorem 3.1 –
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[Mi] Proposition 6.3
(24) $b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $s)$
$=(-1)^{\frac{k(\nu-\lambda)}{2}2^{(\lambda}}\nu-)(2s+k-\kappa(\nu-\lambda))$ . $\frac{\Gamma_{\nu-\lambda(S+\frac{k}{2})^{2}}}{\Gamma_{\nu-\lambda}(S)\Gamma_{\nu}-\lambda(s+k)}$
. $\frac{\xi(2_{S+}k+\lambda-\nu)}{\xi(2s+k)}\prod_{i=1-}^{\nu}\frac{\xi(4s+2k-\nu-j)}{\xi(4S+2k-2j)}-\lambda$
. $( \frac{\det(y)}{\det(2y[r])})^{\frac{\nu-\lambda}{2}}\zeta_{\nu-}^{(}m-\lambda$)$(\lambda g2(y, ur),$$2s+k-’\hslash(\mathcal{U}))$
. $b_{k,\lambda,\lambda}^{()}m(h[^{t}r], y, s+ \frac{\lambda-\nu}{2})$
(2.3) (2.1) (2.4)
$b_{k,\nu,\lambda(}^{(m)}h[tr],$ $y,$ $-s)=$ (known part) $\cdot b_{k,\lambda}^{()t}m,(\lambda h[r], y, S-k+\frac{\nu+1}{2})$
(2.4)
$b_{k,\mu,\lambda(}^{(m)}h[tr],$ $y,$ $s)=$ (known part) $\cdot b_{k,\lambda,\lambda}^{(}m)(h[^{t}r], y, s+\frac{\lambda-\mu}{2})$
$2k=\mu+\nu-\lambda+1$ (2.3) Fourier
$\frac{b_{k,\mu,\lambda(}^{(m)}h[tr],y,s)}{b_{k,\nu,\lambda(}^{(m)}h[tr],y,-S)}=D(k, s)\cdot G(k, S)\cdot K(m, k, s)$ ,








$m- \prod_{l=1}^{\nu}\frac{\xi(4s-2k+2m+2-2\iota)}{\xi(4s-2k+m+\nu-\lambda+2-^{\iota)}}\frac{\zeta_{\mu-\lambda}^{(m-})(\lambda g2(y,ur),2S+\frac{\nu-\lambda}{2})}{\zeta_{m-\nu}^{(m-})(\lambda 2g(y,ur),2S+\frac{m-\mu}{2})}$ .
$\Gamma-$
$\frac{\Gamma_{m}(s)}{\Gamma_{m}(s+t)}=(-1)^{mt_{\frac{\Gamma_{m}(\kappa(m)-t-s)}{\Gamma_{m}(\kappa(m)-S)}}}$
$\lim_{sarrow 0}G(k, s)=(-1)^{\frac{k}{2}}$ .
[Mi] Lemma 62 Epstein zeta
$\zeta_{m-\nu}^{m}(g, s)=(\det g)^{\frac{\nu}{2}}-s\frac{\prod_{jm-}^{m-1}=\nu\xi(2s-j)}{\prod_{j=0^{1}}^{\nu}-\xi(2_{S}-j)}\zeta_{\nu}m(g, \frac{m}{2}-s)$
$\zeta_{m-\nu}^{(m-\lambda)}(2g(y, u_{r}),$ $2_{S}+ \frac{m-}{2}\mu)$ [Ha]Proposition 3.4
$\lim_{sarrow 0}K(m, k, s)=\epsilon_{m}\det(2g(y, ur))^{-}k+\frac{m+1}{2}$ .
$\epsilon_{m}$ $k \leq\frac{m+1}{2}$ $1_{\text{ }}$ $k \geq\frac{m+2}{2}$ $-1$ (4)
$\det y=\det(y[r])\det(g(y, ur))$
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Theorem 2 Theorem 1 simple pole
$k= \frac{m+2}{2}\equiv 2$ mod 4 $h$ positive
definite $0$
Theorem 3. $E_{k}^{(m)}(z, S)$ $s=0$ $s$ . $E_{k}^{(m)}(Z)$ $:=$
$E_{k}^{(m)}(z, 0)$ .
(1) $2 \leq k\leq\frac{m+1}{2}$
$k\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}4$ $E_{k}^{(m)}(z)\equiv 0$ .
$k\equiv 0_{\mathrm{m}\mathrm{o}}\mathrm{d}4$ $E_{k}^{(m)}(\mathcal{Z})$ holomorphic modular form
$E_{k}^{(m)}.(Z)=2+2$ $\sum\sum a_{k}(h)\mathrm{e}(\sigma(h[tr]Z))$ .
$\lambda=1h\in\Lambda^{*}h>0^{\lambda}$
$r$
$\rho$ $k \leq\frac{m-1}{2}$ $2k,$ $k \geq\frac{m}{2}$ $m$ Fourier $a_{k}(h)$
$(-1)^{\frac{(\lambda+1)(\lambda+\mathrm{s})}{8}2^{\frac{(3\lambda+1)}{2}-k_{\frac{k!(\det(2h))^{k}.-\kappa(\lambda)}{\text{ }\cdot\backslash _{11\backslash }-}}}} \frac{\lambda-1}{\mathrm{n}^{2}}$





. $f$ $( \frac{d(h)}{*})$ $\chi$ $\mathrm{m}\mathrm{o}\mathrm{d}f$
Y $P(k, h)$ $d(h)$ $B_{k,\chi}$ – Bernoullf
$\chi=id$ . $B_{k}$ .
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(2) $k= \frac{m+2}{2},$ $\frac{m+3}{2}$ $k\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}4$
$E_{k}^{(m)}(Z)=1+ \lambda 1\sum_{=h\in}^{m}\sum\sum\Lambda^{*}\lambda ra_{k}(h)\mathrm{e}(\sigma(h[tr]Z))+$ ($non-\backslash ho\iota$ . part)
$h>0$
. $a_{k}(h)$ .





Corollery. Fourier $a(h)$ .
$z\in H_{m}$ $\Delta=\det(\frac{1}{2}(1+\delta_{ij})\frac{\partial}{\partial z_{ij}})$ [Sh]
$\triangle$ confluent hypergeometric functions $k= \frac{m+3}{2}$
$k\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}4$
$b_{k,\lambda,\lambda(}^{(m})[^{t}r],$ $y,$$-1)\mathrm{e}(\sigma(h[thr]_{X)}$
$= \frac{1}{2\Gamma(m)}$ . $(4i)^{m}\Delta\{\log(\det y)b_{k-2}^{(m)t},\lambda,\lambda(h[tr], y, 0)\mathrm{e}(\sigma(h[r]X)\}$ .
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